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Abstract 

In connection with the problem of choosing the in- and out-states among the solu- 
tions of a wave equation with one-dimensional potential we study nonstationary and 
"stationary" families of complete sets. A nonstationary set consists of the solutions 
with the quantum number = p^v — P3- It can be obtained from the nonstationary 
set with quantum number p^ by a boost along X3-axis (along the direction of the elec- 
tric field) with velocity —v. By changing the gauge the solutions in all sets can be 
brought to one and the same potential without changing quantum numbers. Then the 
transformations of solutions of one set (with quantum number p^) to the solutions in 
another set (with quantum number p^') have the group properties. 

The "stationary" solutions and sets possess the same properties as the nonstation- 
ary ones and are obtainable from stationary solutions with quantum number p^ by the 
same boost. 

It turns out that any set can be obtained from any other by gauge manipulations. 
So all sets are equivalent and the classification (i.e. ascribing the frequency sign and 
in-, out- indexes) in any set is determined by the classification in pa-set , where it is 
evident. 



1 Introduction and statement of the problem 

The choice of in- and out- solutions in [1-2] (see also [3]) disagrees with that in [4-5]. So 
the classification problem in different sets of solutions is on hand. We show that the choice 
of gauge of potential, describing the considered field, fixes the natural quantum number 
for this gauge. So each gauge define a complete set of solutions. Then we can go over 
to any other gauge without changing the quantum number. In this way we can relate 
solutions in different sets characterized by different quantum numbers. But changing gauge 
does not change neither the physical system nor the classification in the sets. These simple 
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considerations open the way to the solution of the stated problem, because the classification 
in the set with quantum number is evident. 

Already in classical mechanics we can see in what sense fixing the gauge fixes the con- 
served number. The solutions of the classical equation of motion for a particle in a constant 
electric field have the form 

eE 

Ti^(t) = p3smh.es + coshes, e — — , 

m 

'^3{t) — Ps cosh es + p° sinh es, 
eEt — p3(cosh es — 1) + p^ sinh es, (1) 
eExs =p3sinh£s + p^ {coshes — 1). 

We use the metric 

r^^, = diag(-l, 1,1,1). (2) 

The motion in the direction perpendicular to the field remains free and we are not interested 
in it here. 

At first we take the vector-potential in the form 

= -^i^sEx^, Xy = t- VX3, <v <0. (3) 
It follows from (1) and (3) that 

7r°v -7:3 + e{vA° - A3) = p°v -p3 = p^ = Const. (4) 
(Vector-potential is taken on particle's trajectory) The potential 

EXy Q VEXy . . 

A3^-- ^, A = -, {5} 

gives the same conserved number. This potential is obtainable from (3) at = by the 
above mentioned boost; the electric field remains unchanged. 
Similarly, for the potential 

A° = -EXs, Xs^X3-St, < s < 1, (6) 

we find 



TT 







STTg + e(A° - SA3) = p° - SP3 =Ps = CoUSt, (7) 



and the same for the potential 

^3 = -^. = (8) 
1 — 1 — 

obtainable from (6) at s = by the boost along X3 with velocity — s. Wc might denote s by 
V as before, but we prefer to have separate notation for a different situation. 
Now we consider the Klein-Gordon equation 

di.d^'ilj = [2ieA'^9^ + ie(9^A'^) + e^A^ + m'^j^lj. (9) 
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The vector-potential, describing the constant electric field, is taken at first in the general 
form 

A'* = aV, ^^k-x, A;'' = 0,0,^:3), a'^ = (a°, 0, 0, 03). (10) 
The solution for (9) is sought in the form 

ijjp^ Cpexp{i\p- X -^^-l^(p+^j^cp'^]}vp. (11) 
Substituting this in (9) gives 



+ 2ci<^ + C2<^'K = 0' (12) 
ea ■ p p ■ kea ■ k / ea ■ k\^ e^a^ e'^E'^ , , 



Going over to the variable 

r = -c|((^ + ^) (14) 
reduces (12) to the equation for the parabohc cyhnder function [6] 

[|^ + r^ + AK = 0, A = -AsignA;^ A^ ^'+J + ^l (15) 

In contrast to [4, 7-8] we assume in this paper that the charge of a scalar particle e — — |e|. 
Now we consider two separate families of potential (10). 

2 Nonstationary solutions 

We specify (10) as follows 

o-ix = ^n^o-i k^ = (a;, 0, 0, vuj)^ = —Exy, au) = E, Xy = t — vx^, k'^ = uj^{v^ — 1). (16) 
The conserved quantum number is py — p^v — p^, cf (4). It follows from (13) and (14) that 

TTy^Py- eEXy, Py = P% - P3. (17) 



eE 



For brevity reasons we drop the dependence of the wave function on Xi, X2 (i.e. we drop the 
factor exp[ipiXi + ip2X2])- Then for the phase in (11) we have 



k-p ea-k ^ py{tv - x^) eEvxl 
^^"^-^'-^^+^^ =^^- 2(1^- (''^ 



In this Section we compare solutions bringing them to the potential 



A,^-5,zEt^A,-r^^. (19) 



Taking into account in (16) we find 

V- ^, ^MA) = e^^^i:MA). (20) 

So instead of (18) we have 

,9 (r\A) =,9 - P-^^"-''^'^ _ _ ^-^^^i foil 

For uniformity we denote the wave function with quantum number as z/'p^. Yet it 
should be remembered that for v — > this function goes over into ipp^^, not into ip-p^ as one 
might think looking at the definition of in (17). 

Now we are in a position to write down and classify = ■0p„(^|^)-solutions. We put 
the frequency sign (sec [4]) before ^-function in the lower position for in- solution and in 
the upper position for out- solution. The in- (out-)solution has only one wave of indicated 
frequency for t — >• —oo{t — >• oo). So 



n^V2T, = J-—-—^{p,-eEx,), Cp, = [2\eE\{l-v^)]-h~'^. (22) 



±ipp^ are normalized as follows 



J — c 



dx3±tlj*,J ^ ±Vp„ = ±27r(5(p^ - p^) (23) 



and similarly for "^ipp^ . The classification is called forth by the condition that for w ^ ipp^ 
goes over into ipp.^ and the classification of the latter functions is substantiated in [4]. 
From the relations between the parabolic cylinder functions it follows 

+'0p„ = Cip ^i^p^ + C2p ^Vp^ , 

-i^p. = 4p ^i'pv + clp 'i'pt (24) 

The Bogoliubov coefficients Cip, C2p depend only on A, i.e. only on p\ — p\+ P2 [4]: 
^)exp[--(A-z)], C2p = exp[--i 



Cip = V27rr ^( — - — ) exp[--(A - i)], C2p = exp[--(A + i)], jcipj^ - |c2pp = 1. (25) 



As shown in [7-8], ipp^ can be obtained from ipp^ by a boost along X3— axis with velocity 
—V with subsequent regauging to the potential A^ in (19). 

Now we consider the limiting case v ^ 1 and obtain the set of functions with quantum 
number p~ = p^ — p^ (a set in a system "with infinite momentum"). As seen from (17) 

^■■y|^_>i — oosignTTv, TT^ — > 7r~ = p~ — eEx~ (26) 
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and we need the asymptotic expansions of the parabohc cyhnder functions. These expansions 
contain factors exp[±iT^/2]. For example, we have 

. [-(1 - i)r.]\^^^_^ - {2tI)-'^ exp[^(A + i) + ^^ In 2 + ^ + ^ ln(-r„)], (27) 

[-(1 - i)T^] [^^^ - v^r-^(i^)(2r,^)-i exp[-^(A-i)-i^ In 2-^-y ln(r,)] + 

(2r,^)-^ exp[-^(A + ^) + ln2 + ^ + ^ ln(r,)]. (28) 
Therefore the asymptotic expressions of ■0— functions in (22) contain the factors exp[i('j?„ ± 

2 

^)]. Simple calculations give 

"^^^ 2 "^2|ei?|(l-t.2)^2(lTt') IT^ 2 '^-*±^3- l^yj 

If we form a wave packet using functions with phases (29), then only the lower sign case 
contributes in the limit i> — > 1. The divergence of the constant term on the right-hand side 
of (29) is not dangerous and can be removed by the compensating term in the phase of the 
weight function of the packet. Hence in the limit v ^ 1 terms with phase {"d^ + t^/2) may 
be dropped. 

It follows from (22) and (27-28) that 

and similarly for other functions in (22). In other words, for v ^ 1 the ■0— functions in (22) 
go over into ipp^ up to an inessential phase factor. 

The functions tpp- for the potential (19) are defined as follows [5] 

■^i^AAA) = = (4|e£;|)-i expH^ - ieE{^ - ^^) + v* In -^], (31) 
= 6l(7r~)cip+Vp-, "V'p- = 6'(-7r~)cip tt" = p" - eEx~ , 

^(^) = {o' ^<o, ^* = "y"^' P^=/±P3, x^ = t±a:3. (32) 

For 7r~ < in (31) one must take 7r~ = (— 7r~) exp[— ztt]. The function -'4>p- is obtained 
from by changing sign of 7r~ under the logarithm sign: 

(x|i) = {A\eE\)--^ exp[-z^ - ze^(| - ^^) + i.* In ^=\. {2,2,) 

For 7r~ > in (33) one must take — tt^ = tt^ exp[— i7r].(For e = |e| see [7-8].) 

The solutions ■^p- are connected with the solutions with quantum number by the 
integral transformations [5] 

Vvs- dp-N{p,,p-)i;,-, 7V(p3,p-) = (27r|e£;|)-^exp{-z^^ll-t^^i±M}. (34) 



In these two expressions the charge e may have any sign, but the expressions for ipp- and 
99p3 depend on the sign of e, cf. [4, 7-8]. It is clear that (34) and similar expressions below 
are valid in any gauge. The functions ipp^ differ from ■^pg only by the phase factor [5] 

i A Stt 

VP3 = exp[-— In2 + i-g-]'0p3- (35) 
Taking into account the unitarity conditions for N{p2,p~) 

/oo 
dp-Nips,p-)N*ip'„p-) = 5(p3 -Ps), 
-oo 

/oo 
dpsN{ps,p-)N*ip:,,p'-) = 5ip- -p'~), (36) 
-oo 

it is easy to express ipp- through ipp^ 

/oo 
dp3N*{p3,p-)ipp^. (37) 
-oo 

Using the same boost as in obtaining ipp^ from ipp^, we get from (34) 

/oo 
dp~N{py,p-)ijjp-, (38) 
-oo 

ATf (0 I S . \p-{l + v)f-Ap-p,{l + v) + 2pl ^ 

N{Pv,P ) = (27r|e£;|(l-^;)) 2 exp{-z 4eE(l - v^) ^' ^ ' 

This "matrix" is also unitary. Hence the reversed relation is 

/oo 
dpvN*{py,p~)(fp^, (40) 
-00 

Combining (34) and (40) we find 

/oo 
dpvN{p3,py)ipp^. (41) 
-00 

/oo 
dp-N{ps,p-)N*{py,p-) = 
-00 



-00 

(2.|e£;|.)) .exp{z 2.e£;(l - v^) ^4>- ^''^ 

This matrix is also unitary , so 

/oo 
dp3N*{ps,py)iPp^. (43) 
-00 

Now (pp^ satisfy the normalization condition [4] 

/oo ^ 
dx3±ip*pn ^ ±¥^^3 = ±27r(^(p3 - ps) (44) 



and similarly for ^ipp^. Using (43) we have 



/oo ^ r-oo POD POO ^ 

dx3±^*p,J — ±^p^ = J dp3 j dp'^Nip'^,p'jN*ip3,p^) J dx3±^*p,J — ±^p^. (45) 

Taking into account (44) and the unitarity of N{p3,py) we get (23), see (35). 

We note also that relation (38) can be checked by direct calculation. So inserting in it 
+■0^- from (31) and using eq.(3.462.3) in [9], we obtain 

= [2|e£;|(l - v')]-'^ exp{-^ + + ^ ^{T^) + ^^^>^'^* + '^^^^ ^^^^ 

and similarly for other function of this set. Here 9^ is the same as in (21). Comparison with 
(22) shows that ipp^ differs from ipp^ only by a phase factor 

r-37r .A , 1 + ?' , , 
^P. = cxp[z— + I- In 2(^i_yy '^Pv (^^) 

As it should be the relation (41) goes over into (34) for i> — > 1. Really, we can write N{ps,py) 
in (42) in the form 

Nips,p.) = Nips,p.) exp[-^ + ^^^^r^], (48) 

N{P3,Pv) = [27r\eE\v)) ^ expjz 2v\eE\{l + v) ^' ^ 

It is easy to see that 

N{p3,Pv) ^N{ps,p-), (49) 

v—*l 

see (34). Besides, from (47) and (30) we have 

• 2 

ITT %p 

^pJ.-.! - exp{- - (50) 

So the phase factor on the right-hand side of (48) is cancelled by phase factor on the right- 
hand side of (50). 

Combining now (43) and (41) we find 



/oo 
dp^N{p^:,p^)iPp^, 
-oo 

/oo 
dp3N*{p3,py>)N{p3,py) = 
-oo 



<---)^-\^^\) ' ^^^^-' 2\eE\{l - v-){v' - .) -^ 2|e^|(l - v^){v' - .) + \eE\{v' - .) 

(51) 
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Here 

v^w^) = \']^f^' :T (52) 

^ ^ ' [ e^i^^v — v', v' < V. ^ ' 

N{Pv'-iPv) is hermitian and have group property 

/oo 
dp^'N{py>^,p^r)N{p^r,p^). (53) 
-oo 

If we insert into the right-hand side of (51) '^(fip^ = '^(pp^{x\A) from (46) and use eq.(2.11.4.7) 
in [10] we get the left-hand side of (51). 

In this Section we have compared the solutions of Klein-Gordon equation with vector- 
potential (19). Utilizing transformations similar to (19, 20) we can go over to any vector- 
potential of the considered field. 



3 Stationary solutions 

We name "stationary" the solutions with quantum number ps = — sp^. For s = these 
solutions are stationary in the usual sense. Others are obtainable from these by boosts. All 
the consideration in this Section is quite analogous to the one in the previous Section. 
In the potential (10) we put 

O/i = S^od, = {su, 0, 0,0;), k"^ = - s^), A° = -^o, aw ^ E, Xg ^ xs - st. (54) 
From (14) and (13) we have 

= /I rnw' T^s^Ps- \eE\xs, Ps^P^ - SP3. (55) 

.y\eE\{l-s^) 

For the phase in (11) we get 

k-p ea-k 2 Ps{t - sx^) eEsxl 

In this Section we bring the solutions with different s to the potential 

= S^oEx3, ^° = -Ao. (57) 
In this gauge phase (56) acquires an additional term: 



Ps{t - SXs) \eE\s 2 n ^ , ^2 



l-s2 2(1 -s2) 2 

1-.2 2(l-.^)^"3-2.tx3 + ^^). (58) 

The classification in the family of sets ipp^ is dictated by the requirement that for s = 
we must obtain the classification in the set ippO.{ For some more details on classification in 
the latter set see [5]). So 



= -^piT, = -y - \eE\xs), C^s = [2|e£;|(l - s^)\--^e-'-^ . (59) 

These functions satisfy the same relations (24) with the same Cip, C2p, see (25). 

Taking into account that the asymptotic expansions for the parabohc cyhnder functions 
contain exp[ihir^^/2]-factors, we write down the expression analogues to (29) 

' 2~ 2\eE\{l-s^) 2{l±s) lis 2 ' ^ ^ 

For reasons mentioned after eq.(29) only the case with the upper sign is needed. Now it is 
easy to verify that 

- exp[-^ _ ^In^ + 2|e^|7;-,2) ]"V(^l^). (61) 

+^ljp-{x\A) = e^^^^*^^ +V'p-(x|i), (62) 

and similarly for other ipp^ . In other words, for s — 1 i/jp^ go over into ipp- up to an inessential 
phase factor. Now we note that instead potential (57) we can use (19). Then we may say 
that the set ipp- constitute a bridge between ipp^- and ■^^^ -families. All sets in this joint 
(super)family are indistinguishable experimentally. Instead of classical solution (1) we have 
the superfamily of sets (V'p„)'0pj for the Klein-Gordon equation. 

As in previous Section, we consider (fp^ along with ipp^ (cf. (38-39) and (47)): 

/oo poo 
dp~S{ps,p~)ijp-, ^p- = / dpsS*{ps,p~)ipp,. (63) 
■oo J —oo 

-N /o I Fin / .[p-(l-Hs)]2-4p-p,(l + s) + 2p2 
S{ps,p ) = (27r|e£;|(l - s)) 2 exp{-z A\eE\{l - s^) ' ^ 

i..7r . A , 1 + s , , 
'Pps = exp[z- + I- In 2(^^_^^ \^Ps ■ (64) 

For s = we get from (63) 

/oc 
dp~S{p^,p~)^p-, (65) 
-00 



and due to unitarity of S{p^,p ) 



/oo 
dp'S*{p',p-)cppO. (66) 
-00 



We note that (65) was given in [5] and (63) can be obtained from (65) by going over to the 
boosted system. 

Combining the first relation in (63) and (66) we find 



/oo 
dp^S*{p^,Ps)iPpO, 
■00 



(67) 
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/oo 
dp-S{ps,p-)S*{p\p-) = 
-oo 

Prom (64) and (61) we have 

I — ^ PYn-T — 

4 2|eE|(l-s2) 



^P.L^i ^ exp{-— + 



and (68) can be written as 



S*{p\p,)^~S\p\p,)eM--^+ 



2 



4 2|e^|(l-s2)J' 

O*/ \ /r, I 7-,! NN-l r-Po(l + S) - 2psP°(l + S) 



Now 



Prom (69-71) it follows that for s — > 1 (67) goes over to (66). 

As shown in [5]. ippO (i.e. functions in (59) for s = 0) are orthonormalized. The sa] 
true for ipp^ in (52) due to unitarity of SijP,ps)i cf text near eqs. (44-45). 

The reversed relation for (67) has the form 

/oo 
dpsS(jP,Ps)^p,. 
-oo 

Combining (67) and (72) we find 

/oo 
dpsS{ps',Ps)(Pps, 
-oo 

/oo 
dp'S*{p',PsOS{p',Ps) = 
-oo 

/•/ / I mix 1 r- Pi'i^ — SS') . p'^Jl — Ss') iPs'Ps 1 

(.(.--.)2.|eE|)-. ^'-P{' 2|efiKl - - .) +' 2|e4l - s^)(s' - s) " k^RT^^^ 

Here 

^^(^^^) = le-fv^, s'<s. 
S{ps',Ps) is hermitian and have group property 

/oo 
dps'S{ps",Ps')S{Ps',Ps)- 
-oo 
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Now combining the first relation in (63) and (40) we obtain 

/•oo 

Vps = / dpJ{ps,Pv)^p,, (76) 



/oo 
■oo 



(77) 

Similarly, from (38) and (63) we find 

/oo 
dpsI*{Ps,Pv)^Pa, (78) 
-oo 

For s — V — we get from (76) 

/oo 
dpsHp^, -PsWps (79) 
■oo 

in agreement with eq. (117) in [5]. 

If we use in the right-hand side of (76) the expression for '^ipp^(x\A) = ~^Vpv^ 
(where ^v^p„ is defined in (47), (22), and (21)) and utilize formula (2.11.4(7)) in [5], we get 
+iPp^{x\A) defined in (64), (59), and (58). 

4 Conclusion 

Any set in the collection of sets{ipp^,ippj can be obtained from any other by gauge manipu- 
lations. The classification in any set is dictated by the classification in the set ipp^, where it 
is beyond doubt. 
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